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Many papers have been devoted to the problem of the interaction of 
beams of charged particles with a plasma (a detailed bibliography is 
given, for example, in [1]). Analysis of the dispersion equation shows 
that in the case of a sufficiently slow monoenergetic electron beam of 
low density, growing longitudinal waves are not excited in a system 
consisting of such a beam and a plasma [2-4]. 

The problem of the penetration of an external longitudinal electric 
field into a semiconfined plasma with an electron beam in the absence 
of instabilities in the system is studied (the boundary-value problem 
for growing waves was examined in [5]). This problem is, in a certain 
sense, an extension of the second part of L. D. Landau's well-known 
work [6] to include the case of a plasma with a beam. On the other 
hand, in the absence of an external electric field, this problem may 
be considered a boundary-value problem of the interaction of a weakly 
modulated electron beam with a plasma. 

1. D e r i v a t i o n  of the in tegra l  equat ion.  Le t  a p l a sma  
be confined by a plane wal l  that  is an ideal  r e f l e c t o r  of 
p a r t i c l e s  incident  on it ,  and le t  an e l e c t r o n  beam with 

cha rge  dens i ty  P0 and ve loc i t y  v 0 r e l a t i v e  to the p l a s m a  
be p ropaga ted  p e r p e n d i c u l a r  to this  plane into the in-  
t e r i o r  of the p la sma .  It is a s s u m e d  that t he re  is no 

t h e r m a l  ve loc i ty  s p r e a d  in the beam.  L e t  the x axis 
l i e  along the wal l  in the d i r e c t i o n  of p ropaga t ion  of 
the b e a m  and l e t  u be the ve loc i t y  component  along 
th is  axis .  

The  d i s t r ibu t ion  f u n c t i o n f ( u ,  x) mus t  have the p rop -  
e r t y f ( u ,  0) = f ( - - u ,  0) at the boundary;  in this  ease  we 
shal l  use  a d i s t r i bu t ion  funct ion i n t eg ra t ed  with  r e s p e c t  

to Vy and Vz. 
The s t r eng th  of the longi tudinal  e l e c t r i c  f ie ld  E 1 and 

the p e r t u r b a t i o n s  of the dens i ty  Pl and ve loc i ty  v 1 of 
the b e a m  a r e  a lso  spec i f i ed  at the boundary.  

If the devia t ions  f r o m  e q u i l i b r i u m  a re  s m a l l ,  then 
the p l a s m a  o s c i l l a t i o n s  of the s y s t e m  a r e  d e s c r i b e d  

by l i n e a r  equat ions  [3] 

at e - - E ~ =  O, - - i o ) /  + u ~ - -  m 

- -  i(ov -~ Vo dv e ~ - -  m E. 

(1.1) 
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== - -  4~te ~ / d u  + 4rip, dx 

H e r e  f is  the dev ia t ion  of the d i s t r ibu t ion  funct ion 

f r o m  a Maxwel l i an  d i s t r ibu t ion  function f0;  P the de -  
v ia t ion  of the c h a r g e  dens i ty  of the beam f r o m  the 
e q u i l i b r i u m  value  Pl,  which is a s s u m e d  to be c o m p e n -  
sa ted  by an e x c e s s  pos i t ive  cha rge  in the p l a s m a ;  and 

v is the dev ia t ion  of the b e a m  ve loc i ty  f r o m  the equ i -  
l i b r i u m  value  %. The dependence  of all  the quan t i t i e s  
upon t i m e  is taken  in the f o r m  exp (--iwt).  

Sys tem of equations (1.1) can be r educed  to an in te -  
g ra l  equat ion in E(x). Accord ing ly ,  f o r m a l  in tegra t ion  
of each equat ion of the s y s t e m  should be c a r r i e d  out 
beforehand.  

Thus ,  f r o m  the l a s t  two equat ions of (1.1) we find 
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The r e l a t i on  l inking f and E,  which fol lows f r o m  
the f i r s t  equat ion of (1.1) ,  is not included he re ;  i t  co -  
inc ides  with the e x p r e s s i o n  in L. D. Landau ' s  a r t i c l e  
[6] and is n e c e s s a r y  only fo r  de r iv ing  the in t eg ra l  equa-  
tion. F ina l l y ,  in teg ra t ion  of the s e c o n d  equat ion of 
(1.1) g ives  

oo 

E :  I , -G-~e~ u / ( u , x )  d u - - p o V - - p V o - ~  / i ) ,  
- - c o  

( A  = povl + ,o~vo). (1.4) 

The fol lowing r e l a t i on  [from the f i r s t  equat ion of 

(1.1)] was  used here :  

io) /du  = d u/du.  
7Z~ 

- - ~ o  - - 0 0  

Thus ,  we a r r i v e  at the fol lowing i n t e g r a l  equation:  

x A' 

o u 
c o  oo 

- I ~" (~ - x) K (~) d~ + f 4 (~ + x) E (~) d~ = (x), 
x 0 

o3 

4hie ~" ~ d]o ko~ du K.(~)--- ~E-~J ~-u exp u (~>0), 
o 

4nep0 ~ i(o~ 
L (~) = ~ ~ exp To (~ >0) ,  

4~il'~ (1 fox 

Note that  the funct ion K(~) was  inves t iga ted  by L. D. 
Landau [6]. 

2. In t eg ra l  r e p r e s e n t a t i o n  of the solution. Le t  us 
put the in t eg ra l  equat ion in a f o r m  that  is m o r e  con-  
ven ien t  fo r  solut ion.  F o r  example ,  the f ie ld  E(x) is 

convenien t ly  r e p r e s e n t e d  as the sum of two t e r m s  

E (x) = E ~  ~, E~ (2.1) 
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It is  not d i f f icul t  to show that  the f i e ld  s t r eng th  when 

E~ + 4nii~ I ~ Ex + 4~i/a / 
E~, = 1 ~ (~o_ / o))~ -- (o)+/(o)~ = e, , (2.2) 

w h e r e  o:_ and w+ a r e  the L a n g m u i r  f r e q u e n c i e s  of the 
p l a s m a  without  the b e a m  and of the e l e c t r o n  b e a m ,  r e -  
s p e c t i v e l y ,  and e is  the d i e l e c t r i c  cons tan t  of the p l a s -  
m a  without  the beam.  Le t  us f o r m a l l y  extend the de f i -  
n i t ions  of funct ions  K(~) and L(~) and the unknown func-  
t ion E~ into the  domain  of nega t ive  va lues  of the  in-  
dependent  v a r i a b l e :  

K (--  ~) = K (~),  L (~- ~) = L (~), 

E ~  x) = - - E  ~ 
(2.3) 

Then the i n t e g r a l  equat ion f o r  E~ can  be w r i t t e n  
as  

In o r d e r  to so lve  Eq. (2 .8) ,  we mus t  e s t a b l i s h  a r e -  
l a t ionsh ip  be tween  the funct ions of the independent  v a r -  
i ab le  :-k and the c o m p l e x - c o n j u g a t e  funct ions  of  the 
independent  v a r i a b l e  k, which is p o s s i b l e  if  the r e a l  
and i m a g i n a r y  p a r t s  in E~ g(x), L(x), and K(x) a r e  
s e p a r a t e d  and the t r a n s f o r m s  c o r r e s p o n d i n g t o  then a r e  

examined  s e p a r a t e l y ,  Then (2.8) is  r e duc e d  to a s y s -  
t e m  of two equa t ions ,  which connect  the i m a g i n a r y  
p a r t s  of c e r t a i n  ana ly t ic  funct ions of k. The r e a l  p a r t s  
of t h e s e  ana ly t i c  func t ions  can  d i f f e r  o n l y b y  cons t an t s .  
By ana lyz ing  the b e h a v i o r  of ~he funct ions  when ]k] 

~ ,  howeve r ,  i t  is  e a sy  to show tha t  the  cons t an t s  
a r e  equal  to ze ro .  As a r e s u l t ,  we ob ta in  

g~ 
Eg~ : 1 - -L~- -K(k )  ' (2[ 9) 

g~ g-~ 
E~ : tL-L~--K(k) i - -L_~- -k (# )"  

Thus ,  the  e l e c t r i c  f i e ld  i s  r e p r e s e n t e d  as  

- - c o  0 

---- ~ g (~_+_ x), (2.4) 

E = E~:+  

-~- "2~ I - - L ~ - - K ( k )  t - - L  ~--K(~) e~':dk" (2.10) 

x 

g (x) = ~p (x ) - -  E~ 4- E~ t [L (~) + 2K (~)] d~. (2.5) 
0 

Here  the  upper  s igns  a r e  fo r  x > 0 and l o w e r  s igns  
a r e  f o r x <  0. 

I 
Fig .  1 

L e t  us so lve  i n t e g r a l  Eq. (2.4) by the F o u r i e r  
method.  If we mu l t i p ly  both s i d e s  of the  equat ion by 
exp(- - ikx)  and i n t e g r a t e  with r e s p e c t  to x f r o m  _oo to 
+ ~ ,  we ob ta in  

E~ (k) [1 - - K ( k ) l  - -  Ek~ + E-~~ = g~- -  g-~. (2.6) 

H e r e ,  f o r  any va lue  of (p(x), the s y m b o l s  r  and 
(Pk a r e  def ined  by  the equat ions  

(~ (k) = ~ e - i ~  r (x) dx, 

(2.7) 
0o 

(x) dx. 
t)  

t t  is  e a s y  to s e e  tha t  if ~(x) is  a n  even func t ion ,  
then i t s , F o u r i e r  componen t  r  = ~k  + ~V-k; but  if 
r  is  odd,  then r  = q~k - -  CP'k. 

A s s u m i n g  tha t  it  is  odd,  we r e p r e s e n t  Eq. (2.6) as  

1':~~ 11 L ~ - - K ( k ) ] -  E_~~ - - L _ h - - K ( k ) ]  = 

-= g~ ~ g-~, (2.8) 

3. D i s t r i b u t i o n  of e l e c t r i c  f i e ld  and of �9  p e r t u r -  
ba t ions  of b e a m  v e l o c i t y  and dens i ty .  Fo l lowing  [2, 6], 
le t  us in t roduce  the  funct ions  Ki(k) and K2(k ), w h i c h  
a r e  given by the r e l a t i o n s  

(3.1) 

w h e r e  [2] 

Ca 
(3.2) 

/ ~=k - - z ,  u = f-;~" 

H e r e  0 is  the t e m p e r a t u r e  in ene rgy  uni ts ;  m the 
e l e c t r o n  m a s s ;  and the con tour  C 1 is  shown in the f i g -  

u r e .  
The  funct ion  J_(fl) d i f f e r s  f r o m  J+(/3) in that  in in te -  

g r a t i o n  the  pole  i s  c i r c u m v e n t e d  not f r o m  below but  
f r o m  above.  T h e r e f o r e ,  

J (~) -- J+ (~) + i lf2-~ ~ exp ( - -  a/2 ~2) (3.3) 

I t  is  e a sy  to see  tha t  K(k) = Kl(k ) when k > 0 and 
K(k) = K2(k ) when k < 0. S i m i l a r l y ,  l e t  us in t roduce  
the funct ion II(k) = Kk --  K-k ,  and a l so  the funct ions  
IIt(k ) and lI2(k ), which a r e  given by the fo l lowing f o r -  
mu la s :  

II1 (k) r i~ (k ) -  V - ~  ~ ~ ( -  ,o, ) 

El (2~o~-) (3.4) y . ~ . - ~ - ] / _  ~ k:,uO3 e x p ( - -  (~ 

H e r e  Ei(z)  is  an i n t e g r a l  exponen t ia l  funct ion.  
I t  can be  shown that  If(k) = Ill(k) when k >  0 and 

If (k) = II 2(k)when k < 0. 
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Taking (3.1) and (3.4) into account ,  f rom fo rmula  
(2.10) we obta in  

O3 
o+(~-) 0 ( ~ )  ] 

E(.c)  = 1"o~-- ~f e~kx [ I _ L k _ K . a ( k )  ~ - l - - l , _ , , - -h%(k)J  d k -  

c~ 
- - i  C'k"* [ K '  ( /~) - -K~ (k)] {[ l  F+(k) 

- -  C~: ~ -  2~" 1 (/f)] [ [ - -  L~ - -  K2 (k)l  "~- 
o 

F (k) Idk  (3.5) 
"+" [1 --L ;~--K~(k)] [t -- L_~--Kdk)lJ 

Here 

(D+_ = iE~176 [L~k - -  f~+2 +2:~kK~ (k) - -  g ~  :I: H~ (k)] "~- 

, 2l'~ _~ mva~o4. ~ , 

q- o~ (k x~ (o l vo) - -  2~evo(k ::~ o)/vo)" 

iEco 
F+ = _~ ~-,~ [1 --L_+k - -K2 (k) + II2 (k) ~_e] + 

2/1 mvlo~+~ 

0),~ ! (D+ 0~_ 
L~ - -  = Q+ = t} ~ ( 3 . 6 )  

v o  ~ ( k  - -  ( o / v o ) ~  ' - ~  ' - = - -  " 

In t eg ra l s  (3.5) can be comple te ly  ca lcu la ted  only 
n u m e r i c a l l y ,  but it is not difficult  to obta in  an a s y m p -  
totic f o r m u l a  that  g ives  the law of  va r i a t i on  of the f ie ld  
E(x) at va lues  of x that  a r e  g rea t  in c o m p a r i s o n  with 
the Debye rad ius  a of the p l a s m a  without the beam.  
Using a ca lcu la t ion  method comple te ly  analogous to 
that  used in [6], we obtain the exp re s s ion  

{ 2 Q-'I~fXT-I~ [ 3 I x \%1 
E(:c)=Eo~ I + ~  _ iT)  exp - - ~ - / ~ )  JX 

(3.7) 

E x p r e s s i o n  (3.7) gives a iaw of d e c r e a s e  of the dff- 
f e r e n e e  E(x) -- Eoo that  is s i m i l a r  to that in [6]. This  
was to be expected,  s ince  there  is no t h e r m a l  ve loc i ty  
sp read  in  the beam.  If E~ + 4z~ih / o) van i shes ,  then the 
f ie ld  E(x) wil l  approach ze ro  exponent ia l ly  as x ~ ~ ,  
which follows f rom an evalua t ion  of the i n t eg ra l s  by 
d e t e r m i n a t i o n  of the r e s idues .  

If we know the law of d i s t r i bu t ion  of the e l ec t r i c  
f ie ld  in the p l a s m a ,  then f r o m  (1.2) and (1.3) we can 
f ind the d i s t r i bu t i on  of the p e r t u r b a t i o n s  of beam r e -  
loc i ty  and densi ty.  Let us conver t  these  e x p r e s s i o n s  
to a f o r m  that  is  m o r e  convenien t  for  de r iv ing  a s y m p -  
totic fo rmu la s :  

co 
e io~x imP. 

p (,:) = _ p o v (x) + 

o~ 
i ~ 0  i ~  i ~ l  (~ - -  x)  dg.  

(3.8) 

F o r  example ,  p e r t u r b a t i o n  of the b e a m  ve loc i ty  at 
high va lues  of x is connected  with the e l ec t r i c  f ie ld  
E(x) by the s imple  r e l a t i o n  

ie E v (z)- ~, ~' (x)~ (3.9) 

4. Inves t iga t ion  of r esonance .  Let us find the roots  
of the denomina to rs  of the in tegrands  in (3.5); the d i s -  
p e r s i o n  equation t --L~--K 2 (k) =0 for  longi tudinal  o sc i l -  
l a t ions  [2] can be r e p r e s e n t e d  as 

The poles with sma l l  I m k  make a subs tan t ia l  con-  
t r ibu t ion  to in tegra l  (3.6). We shal l  the re fo re  seek the 
roots  of Eq. (4.1) that l ie close to  the e s sen t i a l  s ingu-  
l a r i ty  k = 0 in the upper  ha l f -p lane  k. Assuming  that 
[Pl >> 1, expanding 1/(fi -- u) in powers of u/~, and u s -  
ing the asymptot ic  fo rm of the funct ion J_(p)  in the up-  
pe r  ha l f -p lane  [2], we f inal ly  obtain 

(4 .2 )  

The roots  of the equation 1 -- L_ k -- K2(k ) = 0 a re  
de t e rmined  by the same  fo rmula  (4.2),  in which,  how- 
ever ,  v changes sign. One of the roots  (4.2) l ies  in 
the upper  ha l f -p lane  only when the rad icand  is nega-  
t ive ,  i . e .  , 

9"Pv~" (4.3) e ~ - -  3 (~_~ + ~+2v~) 

Let us find the roots  of the equat ion 1 -- L k -- 
-- Ki(k ) = 0, which also l ie  in the upper  ha l f -p lane  k. 
This  exp re s s ion  has the fo rm 

l - -  \ ~ /  = t~.Q_ ~ [ s  O)  - -  l 1. ( 4 .  4)  

The asymptotic form of J+(fl) in the upper half- 
plane (which corresponds to the lower half-plane/3) 
has an exponentially small imaginary term [2]. 

Let us represent the desired root of Eq. (4. 4) as 

[3 = [30 (t 4 [3~ / [3o). ( 4 . 5 )  

where  fi 0 is the r ea l  par t  of the root ,  which is de t e r -  
mined  f rom (4.2),  ignor ing  the exponent ia l ly  sma l l  
t e r m ,  and 131 is a sma l l  imag ina ry  component .  Then 

BI __ if2_~ V - ~ 3 o S e x p  (--~.%3o 2) ( 4 . 6 )  
,~o 3s2_2 + l!+2v (3v + ~,o) 

F r o m  the s t a t emen t  of the p rob l em,  it follows that 
f~+ << a_ and v << 1. Let  us r e p r e s e n t  the d ie lec t r i c  
cons tan t  e as e = e .  + Ae, where  

fi..lv~ 
e. = 3 (_~_2 + nF'vD (4.7) 

As we shal l  see below, the value of e ,  will  be c r i t i -  
ca l ,  s ince  when e > e .  the law of va r i a t i on  of the f ield 
n e a r  the boundary  is qua l i t a t ive ly  d i f fe rent  as compared  
with the case  e < e . .  In [6], the c r i t i c a l  value was e ,  = 
= 0. The shift of the c r i t i c a l  value of e .  into the domain  
of negat ive  va lues  of e in the case  in ques t ion  is ex-  
p la ined  by the Doppler  f requency  reduc t ion  for  a mov-  
ing beam.  Cons ide r  the cases  /x~ > 0 and Ae < 0. When 
A ~ > 0  

L = - a + w  :k V3 (~._~ + ~ + ~ )  A~ (4 .  s )  
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so that  when v > 0 and A~ > - e . ,  /30 > () a lso ,  and the re  
then exists  a roo t  of Eq. (4.4) with Im fll < 0. When 
v < 0, there  is always at least  one such root  of Eq. 
(4.4). Let  Ae < 0. Then in the lower  half-plane i3 there  
is a lways a roo t  of Eq. (4. 1) 

l - -  ~ . ~  + i V3 (~,~ + P. ~ )  I Ae I ( 4 . 9 )  
-~ = 3 (n_~ + n2v ~-) " 

Taking into account  re la t ions  (4. 2)-(4 .  9) and l imi t -  
ing the expansion in powers  of k to l inear  t e r m s ,  we 
find that when Ae < 0 the e lec t r ic  field near  the bound- 
a r y  va r i e s  accord ing  to the law 

E = � 9  ]/2-~ n_~ + n+~v ~.2~ • (4. i0) 

X e x p [ - -  z ! [Ael \%1 x v~J ] I ,  [3(n_~ + ~+~)) j cos [ ~ 3 (a_~ + ~+~) 3J 

In o r d e r  to shor ten  fo rmula  (4. 10), we let v 1 = 0 
and Jl = 0. 

S imi la r ly ,  we obtain the behavior  of the f ield nea r  
the boundary when Ae > 0 

E = - ~ { i + ~ e x p [  i~ ~_~ 'l/-~.r~'~_ ( 7)] '~ ~ 7 ~ - 

? 3(p~_2 + ~ ~v2) (4. Ii) 

Formula (4. Ii) is also obtained assuming v i = 0 

and Jl = 0. 
The necess i ty  of taking into account  the res idue  at 

the pole in evaluating the integral  f r o m  ze ro  to infinity, 
which leads to express ion  (4.11),  is explained by the 
fact  that ,  in finding the asymptot ic  f o r m  o f  this inte-  
g ra l  by the method of descent ,  the or iginal  contour  of 
in tegra t ion m u s t  be de fo rmed  so that  it coincides  with 
the level  line that  pa s se s  through the saddle point. In 
this ca se ,  the pole is c i r cumven ted  in the r ight  half of 
the upper  hal f -p lane ,  if it is s i tuated below the level  
l ine and above the axis of absc i s sas .  

In f o rmu la  (4.11),  Ae mus t  be a s sum e d  to be smal l ,  

but in this case  T mus t  be g rea t ,  so that the field s low- 
ly at tenuates with inc rease  in x. Otherwise ,  this t e r m  
can be ignored,  and the field can be de termined  f r o m  
(3.7). 

In the absence  of a beam,  Eqs. (4. 10) and (4. 11), 
which descr ibe  the resonance  case ,  a re  inapplicable.  
But if the quadrat ic  t e r m s  are  taken into account  in 
the expansion in powers  of k, then passage  to the l i m -  
iting case  of absence of a beam gives the re la t ions  ob-  
ta ined in [6]. 

At x = 0, fo rmulas  (4. 10) and (4.11) do not give the 
c o r r e c t  boundary  value of E~, s ince t e r m s  of the o r d e r  
of [Ae] were  ignored  in the calculat ions.  With in- 
c r e a s e  in x,  however ,  in both cases  the field osc i l -  
la tes  about the value E1/e , which it approaches  at in- 
finity. 

The authors  thank M. L. Levin fo r  his useful  c o m -  
ments .  

REFERENCES 

1. Ya. B. Fa inberg ,  "The in teract ion of beams  of 
charged  pa r t i c l e s  with p l a sma , "  collect ion:  P l a s m a  
Physics and Problems of Thermonuclear Fusion [in 
Russian], vol. 2, Izd. AN UkrSSR, p. 88, 1963. 

2. V. P. Silin and A. A. Rukhadze, The Electro- 
magnetic Properties of Plasma and Plasma-Like 
Media [in Russ ian] ,  Gosatomizdat ,  1961. 

3, A. I. Akhiezer  and Ya. B. Fa inbe rg ,  "On high-  
f r equency  osci l la t ions  of e l ec t ron  p l a sma , "  Zh.  ek-  
sper im,  i teor .  f i z . ,  vol. 21, no. 11, p. 1262, 1951. 

4. A. A. Vedenov, E. P. Velikhov, and R. Z. Sag- 
deer ,  "P l a sma  stabi l i ty ,"  Uspekhi fiz.  nauk, vol. 73, 
no. 4, p. 701, 1961. 

5. M. Sumi,  "Theory  of spat ial ly growing p l a s m a  
waves ,"  J .  Phys .  Soc. Japan,  vol. 14, p. 653, 1959. 

6. L. D. Landau,  "On the osc i l la t ions  of e lec t ron  
p l a sma , "  Zh. ekspe r im:  i teor .  f i z . ,  vol. 16, no. 7,  
p. 574, 1946. 

9 October  1964 Moscow 


